for radiation arising from transitions from the first resonance level at total pressures above 10-1 Torr and 10~2 Torr and spacings of 0.25 mm and 5.0 mm respectively, it is invalid for transitions from higher resonance levels over a wide range of pressures. This optically grey condition should be considered in a realistic treatment. T u r b u le n t D iffu s io n * I.
§ 1. The Problem
The phenomenon of turbulence was discovered by Reynolds using ink as an indicator. For a given turbulent field one may therefore consider the cor responding spread out of the ink, i. e. we require the transition probability.
If the test particle is very small, one may expect it to follow immediately the motion of the surround ing fluid, according to 1 x = v{t,x).
(
For a finite size of the particle, we expect some kind of relaxation which has been carefully estimated by Hinze If v were independent of x, we should have Brownian motion. This may serve us later on as a reference 3.
Starting from a fixed point, say x -x0, x(t) be comes a stochastic process in the course of time and hence the right-hand side of Eq. stochastic function of another one, which is difficult to handle. In principle, the problem is a follows: Let the statistics of v(t,x) be given by the sequence of its joint-probability distributions 4: P 1(ti ,x 1 : vx) dzP 2{t1,x 1 : vx; t2,x 2 : v2) dvl dv2 (2) For any realization co of the turbulent fluid we have t x(x0,t, co) = x 0 + f v [t, x (t\ co),co) d t.
(3) o For different realizations we get a distribution func tion p (t,x 0 : x) of the positions at time t which we may approximate as follows: Let us assume that the paths are rather continuous and can be approximat ed by a polygon. Then for t = n r, we have: p{t,x0 : x )^f --• //," + i[0 ,x 0:(x1-x 0)/r;
x ;x 1:{x2-x 1)ir; . . . ; t, xn:{ x -x n_1)/r] da^ dx2 .. . dxn (4) and expect the probability in question to be given in the limit r -» 0 . In the following, however, we shall not try this directly. § 2. Schwinger's Equation
The above mentioned difficulty can be avoided if the problem is given a formulation in which t and x are considered as independent variables (as they are within v). This is achieved by the continuity equation:
which will hold for (almost) any realization. With the initial condition
its solution offers the very same information con tained in Eq. (1). Furthermore, we get by Bayes' rule p(t, x0 : x) = / q{t, x; co) Prob(co) da) = £{q{t, x) }
where £ denotes the expectation with respect to the random velocity field. The advance of the new formulation is that now v(t, x) and q (t, x) are treated on an equal footing as two interacting fields.
The one-way causal connection is expressed by the fact that the stochastics of one of the fields (t>) is to be considered as a given one, and that of q is to be determined by the equation of motion (5) .
Let us introduce a characteristic functional as a description of both stochastic fields 5:
where a and ß are test functions with compact sup ports. The above mentioned causality of our statis tics is then expressed first of all by the boundary condition: & (a,ß = 0 ) = < P M
where <Z>\[(ot) denotes the stasictics of the medium, which is asumed to be known. Here and in the fol lowing it is assumed that it will not be disturbed by the presence of the test particle. (In the case of stochastic acceleration, however -as is of interest in plasma physics -a recoupling has to be taken into account6.) On this assumption, it is a very natural generalization -at least a convenient oneto allow also continuous initial distributions q0(x). Of course, we shall assume q0{x) to be independent of the field v, and hence have & (a,y(x) < 5 (*)) = <£M(a) exp{i/y(a:) q0(x) dx} .
(10) Besides this we have, of course,
But the dynamic restriction is imposed by the equa tions of motion. Our attention is focused on
In order to fix its time dependence, let us consider
Here denotes derivation with respect to time and S means variational derivation (for a definition suitable for our purposes 7, Appendix B).
By means of Eq. (5) we rewrite Eq. (13), using a shorthand notation for the variational derivative, in the form
where the linear operations 3X( = d/dx) and £ have been interchanged. The right-hand side can be re written as an expectation:
Owing to its similarity with corresponding relations in quantum electrodynamics let us call this a Schwin ger equation 8. It expresses an initial value problem. Within the scope of Schwinger's theory it can be formulated asymptotically in terms of scattering am plitudes. We get for the finite time t = 0:
which shows a recoupling of into itself by the initial conditions. Hence we are actually dealing with a nonlinear problem.
It is perhaps of interest that this nonlinearity can be moved from the initial conditions to the equation of motion by the transition to the cumulant functio nal Z defined by 7 # (a> ß) = exp{Z(a, ß ) } .
We now get for the initial condition the very explicit expression:
but Schwinger's equation now reads:
However, for our present task (determination of the transition probability) the (original) formulation (15) 
It should be noted that now the initial condition does not further recouple to cp as compared with (16): <p(t = 0 ,x |a ) = g 0(x) <5M(a).
In principle, our task is to solve Eq. (21) with Eq. (22) and finaly set a = 0. Hence Schwinger's equa tion, despite its being only a necessary restriction for the characteristic functional, yields the complete answer to our problem. However, one may raise the question whether Eqs. (10), (11), (15) and (16) are also sufficient to determine the characteristic functional completely. § 3. The Dyson Equation
We are required to operate on the solution of Eq. (21) by P : = "set a = 0".
According to Zwanzig9, this can be done to some extent before solving Equation (26) is time dependent. This introduces some slight mo difications. For convenience I shall set out the whole derivation in a shortened form.
In our case, P is a projector, but this is not essen tial. Let the "complementary" operator be denoted by Q = l -P . 
[It should be borne in mind that <5ji(a = 0) = 1.] A further assumption postulates that P be a Schrödinger-type operator that is independent of time: dP/dt = 0 .
This is obviously fulfilled by our definition. How ever, it may be convenient also to introduce a "Heisenberg" version of P by means of
where we have added the index S for "Schrödinger". Let us now act upon the equation of motion with Pri! Equation (35) allows P and 31 to be inter changed and we get 3 t Ps <p(t) = i P a H (t) (Pa<p(t) +Qs <p(t)).
(37) Similar properties as for Pg hold for Q § , and so we get symmetrically <?s V (f) = iQs H (0 (Ps V (0 + <?s V (t)).
The latter equation will be used in order to eliminate the unknown Qsy-'(t) from Equation (37). Equa tion (38) is rewritten as an integral equation by using the initial condition (28) :
Here, Q has to be defined as follows:
T -*t 0 exp{ (t' -r) 3^} At'f{t).
Solving for Qsy>{t), we may insert into Eq. (37) and obtain
dPH (t) /dt = i Ps W(l) [ 1 -iQ (i) ] -1 PH (t). (42)
The corresponding initial condition is
We have thus derived a kinetic equation for the Heisenberg operator Ph(<) which yields the only relevant information. The "inverse bracket expres sion" in Eq. (42) is to be regarded as an expansion. § 4. Saffman's Equation
The Eqs. (42), (43) together with Eq. (12) af ford a useful tool for further treatment. Hence we have explicitly for p : = P xp dp/dt = i Ps 3X(<W X)+ L{t,
The first term in the expansion does not yield any thing and we get as a first nontrivial approximation dp/dt = -3XPS < 5n(<> x)f d x L (t, x | a) df' p (t', x) = -3 x lim I 3X ^ f , at'p{t', x) y^x J oa{t,x) oa(t ,y) a->-0 0 t = ax lim dxf Q(t,x, t',y ) dt p it', x) (45) y-+x 0 where Q is the correlation function of the turbulent velocity field. In the case of homogeneous turbulence this simplifies to 3p/3* = ! q it, t', 0) at' dx2 p it', x) (46) o since Q is a symmetric function and hence dx g(x -y) vanishes for x = y. This above result was obtained by Saffman 10, in 1969 , using Wiener-Hermite tech nique, and again by Phythiann , in 1972, using variational techniques. As an approximation it cor responds to Bourret's 1-ficton approximation 12.
It is credible that for times large compared with the correlation time, we may consider Q(t,t', 0) as a (5-function and hence obtain an instantaneous equation of the form 13 dp/dt = i{v2) 3 2p/3z2 (47) which has been suggested by Taylor in the early twenties. However, as has been emphasized by Saffman, the short-time behaviour is poorly described by the ap proximation (46). I do not want to repeat his argument but merely state that the special case where v does not depend on x, which can be treated completely at least in the case of a Gaussian-turbu lent field (<£>[ a Gaussian functional), is not covered by Equation (46). Hence this may serve as an "un perturbed Hamiltonian". In subsequent papers, we shall follow these lines and also elaborate the threedimensional case and the question of non-Gaussianity.
M P D -R in g k a n a ls trö m u n g e n in g e k r e u z te n F re m d fe ld e rn f ü r w illk ü rlic h e H a ll-P a r a m e te r The steady, supersonic, barotropic, and inviscid flow of a rarefied gas plasma through an axisymmetric crossed-field device (imposed axial electric field and radial magnetic induction) is being analyzed, for arbitrary values of the Hall parameter. A previously developed perturbation method is used to obtain closed form solutions for the electric current density, flow velocity, and mass density within the annular duct. Conditions for optimal values of the Hall parameter are given. 
